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ABSTRACT 


Conditions on the topology of a topological space X 
which require that it be in some sense coherent with the topologies on 
certain subspaces of X have recently received a great deal of 
attention. Perhaps the most familiar examples are the defining conditions 
for k spaces and sequential spaces, although less familiar examples 
abound. Our endeavour in this thesis has been to establish a general 
framework for the investigation of these coherence concepts and then to 
present several new results that will throw light on less investigated 
classes, for example, S and k spaces . 


R R 


To be precise, we have introduced very general T' ,T , T, 
spaces by relating their respective topologies to subspaces belonging 
to a quite arbitrary prechosen class JT of topological spaces on the 


Same pattem as the topologies of k' , k , k, spaces depend on (a very 


R 


restrictive) class of compact subspaces . 


Our primary results are structure theorems, covering mapping 
characterizations, and combinatorial and product theorems for T' , T 
and TR Spaces ; and these are obtained in as general a setting as 


possible so as to yield many interesting known results as corollaries . 


Our new results usually concern Tp spaces . The centre of 
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our interest has always been the class of S spaces being a class of 


R 
spaces of recent interest wider than the traditional class of sequential 


Spaces . Some questions remain unsettled ; they are stated precisely at 


appropriate places . 
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INTRODUCTION 


This thesis began as an investigation of Frechet, sequential 
and Sp Spaces, our point of view broadening when it became apparent 
that most results in this area carry over, without essential change in 
the arguments, to similar situations (as represented, for rina ee 
ene) Te OS et reine! kp spaces) . Thus we begin with a discussion of 


Fréchet, sequential and § Spaces . 


R 
A space is Frechet if the closure of each of its subsets 

is the set of limits of sequences contained in that subset . Fréchet 

Spaces were introduced by Arhangel'skii [3] and represent a class of 

spaces broader than the first countable spaces, whose topologies are 

"sequentially determined" . Seizing on this point of view Franklin 

( [12] and [13] ) introduced and studied the still broader class of 

sequential spaces . (A space is sequential if each sequentially closed 

set, that is, each set containing all limits of sequences taken from that 


set, is closed .) 
Arhangel'skii showed that the Frechet spaces were precisely 
the pseudo-open images of metric spaces, and Franklin established that 


the sequential spaces were precisely the quotients of metric spaces. 


But an even wider class of spaces exists whose topology is 
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in some sense determined by its convergent sequences , A space is 

an Sp space if each sequentially continuous function (one which 
preserves sequential limits) with Tychonoff range is continuous . (We 
may note in passing that if one replaces "Tychonoff" , in this 
definition, with "Hausdorff" , one has an altemate definition of 
sequential spaces . ) Mazur [18] and Noble [27] have proved an 
important product theorem for Sp spaces (see Theorem 1.3.2 ) , 

but it is significant that, wtil now, no characterization theorem for 
Sp spaces similar to the Arhangel'skii - Franklin results on Frechet 


and sequential spaces has been produced . Our Theorem I1.4.3 fills 


this gap. 


That theorem, as well as most of the results in this thesis, 
is cast in a very general setting . We adopted this point of view upon 
observing that, for example, sequential spaces are defined in the same 
way k spaces are defined, and what is more, the standard characteriza- 
tion theorems for these spaces (Franklin's in the case of sequential 
spaces, Cohen's [9] in the case of k spaces ) are proved in exactly 
the same way . The quasi-k spaces of Nagata [25] amd cluster 
spaces (we call them c spaces ) of Schedler [28] are likewise 
structurally no different from sequential or k spaces and are consequently 


encompassed by our general scheme . 


Apart from the fundamental structure theorems, certain 
relevant combinatorial and product questions are also treated. Occasionally, 


certain concepts had to be dealt with individually when doing so had a 
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definite advantage . Material which could have possibly obstructed 

the general flow of the presentation is reserved for the last chapter . 
This mainly consists of certain examples and some results on linearly 
ordered topological spaces, which have no direct bearing on the develop- 


ment of the general theory . 
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CHAPTER I 


PRELIMINARIES 


HiKal It is most appropriate to start with definitions of various 
concepts which we intend to look at in a general setting a little later. 


For the sake of neatness, we prefer to present them in groups. 


Recall that a filter base F is a non-empty collection of 
non-empty subsets of a certain set Y such that for every two members 
Fi and Fy of fF there is a member F, of F such that F. is 


contained in Fy n Fy . In a topological space Y , a filter base F 
accumulates at a point y if ye F for every Fe« F . A decreasing 


sequence of non-empty subsets - a special filter base - is called a 


decreasing sequence herein. 


We are now ready for the following groups of definitions. 


Group I : A space Y is strongly Frechet iff whenever a decreasing 
sequence (ae accumulates at y in Y _ , there exists Nias FO for 


each on, such that eae 


A space Y is strongly k' (strongly quasi-k' , strongly c' 
respectively) iff whenever a decreasing sequence (A) accumulates at 


y in Y , there is a compact (countably compact, countable respective- 


ly) subset K of Y such ye (Kn A) for every n 
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Groupe lie: A space Y is Frechet iff whenever y en ein Ky , there 


is a sequence in A which converges to y 


' respectively) iff 


peopace: aioe a.s) Kk) “(quactek = C, 
whenever ye A in Y _ , there is a compact (countably compact, countable 


respectively) subset K of Y such that ye« (Kn A) 


Group IIf : A space Y is sequential iff a subset A of Y is closed 


whenever a sequence ys) c A and ie a ENCTEMV ae A 


A space Y is k (quasi-k , c respectively) iff a sub- 
set A of Y is closed whenever An kK. is closed in K_ for every 
compact (countably compact, countable respectively) subset K of Y . 
Group IV : A space Y is Sp iff every sequentially continuous real- 


valued function on Y is continuous. (A function f£ : Y > R is sequen- 


tially continuous iff whenver YDS then f(y) > f(y) .) 


A Yee jad ; ; 
space is k, (quasi-k, , i respectively) iff every 
real-valued function on Y which is continuous on every compact (coun- 


tably compact, countable respectively) subset of Y is continuous. 


We are now in a position to introduce the general scheme. 
The correspondence between the following set of definitions and Groups I 
through IV is indeed one-to-one and obvious. For example, Group I corres- 


Dondsatosverinition) lai. i.., Groups Ll >to, Definition 1.1.2 and so-:on. 


Let Y be a topological space and JT a class of topological 


spaces which is closed under homeomorphisms ~- The statements " A is 
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al-space! 0! A) is/a,i]-subspacevof, Y " and "A is a T-subset 


of Y " will be synonymous and will mean simply that AeT. 


I.1.1 Definition A space Y is strongly T' iff whenever a decreasing 
sequence (A) accumulates at y in Y , there exists a T-subset K 


Own) eastcn that vse (Kan A ii for every n . 


Teeomeverini tion “Arspace, Y) iis i) eifte whenever Ty e A for a subset 


A of Y , there is a f-subset K of Y such that ye (Kn A) . 


ioe Detinition» Auspace’ eY is) 1 iff whenever” F n KK is closed in 

K for each T-subspace K of Y , then F is closed in Y . (A sub- 
set F of Y with the property that FnK is closed (open) in K for 
each T-subspace K of Y will be called T-closed (T=open) . ) 

I.1.4 Definition A space Y is tT, iff every real-valued function on 

Y whose restriction to each J-subspace of Y is continuous is continu- 
ous on Y. (A function which is continuous on each T-subspace of a space 
Y will be said to be T-continuous on Y .) In view of the fact that 
every Tychonoff space can be embedded in a product of lines, the condition 
that functions be real-valued is superfluous here. That is, Y isa TR 
space iff every T-continuous function on Y with arbitrary Tychonoff range 
is continuous. (If arbitrary Hausdorff ranges are allowed, the class of 
Hausdorff T. spaces coincides with the class of Hausdorff T spaces. 


R 


To see that a Hausdorff TR space X is a T space, consider the 


identity mapping id : X > TX (see I.3.1(b) ) . 
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Lite 2 For several different classes [T , the topological spaces 
in some sense coherently determined by T have familiar names as listed 
in Groups I through IV in I.1. It seems most convenient to list them 
again in an 'implication' diagram as done below. While doing so, we have 
also taken an opportunity to introduce certain connected coherence 


topologies. 


strongly T' strongly Gy) strongly strongly k" strongly strongly 
Frechet quasi-k' Ge 
[30] [30] 
+ t 4 1 + + 
wig ot + Frechet > jae + quasi-k' Ch 
[28] [3] [5] 
+ Y y ¥ y ¥ 
T re +. sequential > k > quasi-k C 
[28] [8] [1] 23] 
+ Y ¥ ¥ + 
T c ae S on k. > quasi- C 
R R [27% (26) s R 
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rie countably 


countable convergent compact compact connected 
iC spaces sequences spaces spaces spaces 


Fides 1: 

Where a reference is supplied in the diagram it serves to 
lead to the earliest mention of the concept to the best of author's know- 
ledge, as well as to indicate that the terminology is not ours. In this 
connection we might mention that Schedler [28] refers to (what we call) 
© spaces as cluster spaces. We should also further add that by 'conver- 


gent sequence' we mean the range of a sequence together with its limit. 
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We have some comments about the use of separation axioms in 
this thesis. First, note that in general, in the absence of separation 
axioms, if T is the class of convergent sequences the concepts of strongly 

ee teen) ee ond TR Spaces do not coincide with those of strongly 
Frechet, Frechet, sequential and Sp spaces respectively (in fact, the 
topologies of the former are weaker than the respective topologies of the 
latter) . However, in the class of Hausdorff spaces the distinction bet- 
ween the respective concepts in these two groups vanishes. Hence, when- 
ever we speak of a strongly Frechet, Frechet, sequential or Sp space we 


will assume Hausdorff separation without explteit mention ;— there exists 


no such blanket assumption regarding separation axioms otherwise. 


We must point out here the fact that first countable spaces 
are strongly Frechet, locally compact (in the sense that every point of 
the space has a compact neighbourhood) spaces are strongly k' and that 
locally countably compact (in the sense that every point of the space has 
a countably compact neighbourhood) spaces are strongly quasi-k' . Also, by 
considering characteristic functions of components, one easily sees that 

XpeoLs CR iff each component is open and closed iff X is a disjoint 
union of connected spaces. The equivalence of strongly C' and CR spaces 
follows. (This equivalence with its proof is pointed out by A. Csaszar.) 


These spaces coherently determined by connected spaces will be used mainly 


to illustrate certain points. 


Lastly, in order to get quickly to the core of the matter, we 
have reserved comments such as reversibility of certain implication- 
arrows in the diagram for the last chapter. Most of the implications, 


however, follow quite easily. Also, in general there exists no relation 
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between connected coherence topologies and those other in the diagram. 


LS There are certain results of basic importance which we 


mention here. They will be used without explicit reference. 


Let (X,T) be a topological space and JT aclass of topo- 


logical spaces. By Ty 


sets which are T-open in (X,T) . We often write "TX" for the topolo- 


we mean the topology on X consisting of all 


gical space (X,T?) 


, reserving "X" for the space (X,T) 


Pesos Proposition 


a) The identity map from TX to X is continuous. 


b) If K is a T-subset of X , the relativization of T 
to K is identical with that of Ir . Consequently, if JT is closed 
under continuous bijections, a set is a TJ-set in X iff itis a 


T-set in TX 
ci) OFX Aiss aveivespace; 


d) A function on TX is continuous iff it is T-continuous 


Oia df 


e) T, is the largest topology on X which agrees with 


T 


T on T-subsets in X 


Prcocsu: a) This is easy to prove. 


b) To verify that the relativization of dy to K is the 


LeLacivizdtlouoteol mtomsKk. ,let 6G © K be T-open in’ K  .« Then there 
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is a T-open subset O of X such that G=OnK _ . But then by defi- 
nition of T-open sets, On kK is open in K for every T-set K in 


As «= [he result follows. 


The second statement is now easy to see. The condition that 
T is closed under continuous bijections is indeed essential here. For, 
if T is the class of discrete Spaces, then TX is discrete for any X , 
whence each of the subspaces of TX is a TJT-subset without being a T- 
subset in X . That the said condition is essential aS well as the 


foregoing example was pointed out by A. Csaszar 


c) TX will be a T space iff every T-open subset of TX 
is open in TX . But a subset of X is T-open in TX iff it is T-open 


ines ee cihis needs (b)9.) Hence "TX = is’ a TI spaces 


d) If a function on TX is continuous, it is also continuous 
with respect to qr on every J-subspace K of TX . But since TX 
and X induce the same topology on K_ , the function under consideration 
is T-continuous on X . Conversely, if f : X > Y be T-continuous on 
X , Suppose that O is an open subset of Y . To prove that f is 
continuous with respect to aT we must prove that fe(0) is T-open in 
X . But this is obvious since £710) no K is open in K_ for every 


T-subset K of X 


e) This is easy to prove. 


Little work has been done on T, spaces in general. The 


R 


main result in this area is the fundamental theorem of Mazur [18] , 
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improved by Noble [27] , about SR spaces. 


I.3.2 Theorem (Mazur, Noble) 
a) Every weakly inaccessible* cardinal is non-sequential.** 


fo hie Xo is non-indiscrete Hausdorff and first countable 
I ; A ; 
for every aéA , then alate is an SR space if the cardinal of 


A is non-sequential. 


The following results will also be needed in the sequel. 


i -oeelneorem. (Schedier = {28] ) xX isa c' space iff XK is a ec 


Space. 


1.3.4 Theorem (Arhangel'skii [6] ) A topological space X is 


Fréchet iff every subspace of X is a k_ space. 


* A cardinal x is said to be weakly inaccessible iff 


a >0 is a limit ordinal and m eS whenever S$ < _ and 


x 
seS a 
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*k A cardinal A is said to be non-sequential iff there 


does not exist a non-zero real-valued sequentially continuous function 


ot a + Re which maps finite sets to zero. 
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1.4 We will define here several classes of mappings which will 
be used in the Structure Theorems of Chapter II and in the J-covering 
characterizations of Chapter III . We will also introduce a new class 

of mappings wider than the class of quotient mappings which we call 
T-weak-quotient mappings. These will be mentioned when their need arises. 


(Quotient mappings are not defined due to their familiarity.) 


I.4.1 Definition A mapping f from X onto Y is called countably 
bi-quotient mapping if it satisfies either of the following equivalent 


conditions 


a) Whenever ye Y and (U) is an increasing countable 
cover of eee by open subsets of X , then y «€ Int. £(U_) for 


some fn 


b) Whenever (A) is a decreasing sequence accumulating 


Ste y in Y fF then (7 (A_)) accumulates at some x € £71 (y) 


(These mappings were introduced by A. H. Stone in [31] and the equi- 


valence of a) and b) is proved by F. Siwiec in [30] .) 


iGo Definition A mapping fe from X onto Y is called hereditarily 
quotient mapping if it satisfies any one of the following equivalent 


conditions ; 


ae) : eran > § is quotient mapping for 


every S cf 
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b) Whenever U is a neighbourhood of f£ (y) in X , 
f£(U) is a neighbourhood of y in Y . (Neighbourhoods need not be 


open.) 


c) Whenever ye A in Y , then xé Cae for 


some xe f (y) 


(The equivalence of a) and b) was proved by A. V. Arhangel'skii in 
[3] who also introduced these mappings. The equivalence of b) and 


c) is due to E. Michael [22] . The concept as at b) above is usually 


called pseudo-open.) 


Obviously, every countably bi-quotient mapping is heredi- 
tarily quotient mapping and every hereditarily quotient mapping is 


quotient mapping. 


5 We will say that a space X is locally strongly T' 


Cloca lily.) 7 tocallysi),. locally Tp respectively) iff each point of 
X has a neighbourhood whose closure is strongly T' (T' ,T , TR 
respectively) space. We will say that a space X is locally J iff 


each point of X has a neighbourhood which as a subspace of X belongs 


Lousy 


i eel corcmmemitamX is locally strongly  T’ (locally TI", locally T, 
locally TR respectively), then X is strongly T". (© T"’ , 1, TR 


respectively) ‘space. Also, 1f°X ds locally T , X is ‘strongly 'T'. 
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Broofis: Suppose X is locally strongly T' . Let (A) be a 
decreasing sequence accumulating at a point x of X .tLet U bea 
neighbourhood of x such that U isa strongly T' space. But then 
xe cuen son for every n whence one can find a T-subset K of 
U such that x « (Un A, n K) for every n which proves that X 


is strongly T' 


Now if eX ies locally Iie letark.< X and let. x-<« F 
Let U_ be a closed neighbourhood of x which is a T' space. Then 
xXx € CL (F Nn U) and hence there is a subspace K of U_ which belongs 
Lomleesuchethat. x € C1 (F Nn Un K) . Then certainly x ¢ C1 (F nN K) 


thugs x. “ig.a at! space. 


For T spaces, the result has been observed by Mrowka [24]. 


(See his Theorem 1.3 .) 


For Tp Spaces the result follows easily from the fact 


that a "locally continuous" function is continuous. 


The second part of the statement of the result is easy. 


Corollary TieguisyOitronloneOLeatrongiy 1 "(ol sr , TR respectively) 


Spaces as Aestronclyot © (ls, Ls TR respectively) space . 


1.5.2 Theorem 


a) If JT is closed under countably bi-quotient mappings, 


then every countably bi-quotient image of a strongly T' space is 
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strongly) T' 


b) If JT is closed under hereditarily quotient mappings, 


then every hereditarily quotient image of a T' space is a T' space. 


c) If JT is closed under quotient mappings, then 


i) every quotient of a T space is a T space 


and ii) every quotient of a Tp space is a T, space. 
PrOOtS.s: a) Let f be a countably bi-quotient mapping from a 
strongly T' space X onto Y . Let y be a point in Y at which 


a decreasing sequence (A) in Y accumulates. Then there exists 
A point. xX 6 PAteS Such Chat. ssqie GEE for each n, . But 
since X is strongly T' , there exists a JT-subset K in X_ such 
that, x © (kK A aCe for every n . Then f(K) is a T-subset 


diveyY fand@ ye= fG)&c (Een A for every n 


b) Let X be a T' space and suppose q is a hereditarily 


DiGmiente mapping Ofte. X soOntomay weLet we c Youu, yc FF .nLet. x, be 
a pointe. of Ames) n eer . Then for some subspace K of X 

- = -1 — 
Which, belongs to ..Ji«. X.«..(g Tip) n K) MeBULCECHE a Vee (did aE ene R)) 


which is a subset of (F amen copys Since q(K) « TJ , we are done. 


c) (i) This has been proved by Mréwka ( [24] , proposition 
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c) (11) Let q be a quotient mapping of a T, space X 


R 
CnEO Ye. slis te: ¥ * Ro is T-continuous, then £.,q is T-continuous 


and hence continuous. Then f must be continuous, so Y is a TR 


space. 


The following comments are appropriate at this place : 


For Frechet spaces, Franklin ( [12] , proposition 2.3) 
has proved the following converse to I1.5.2(b) : if X ,Y are Fréchet 
spaces and q: X~*> Y is a quotient mapping, then q is hereditarily 
quotient mapping. This result cannot be proved for T!' spaces in 


general, for every c space isa c' 


space (1.3.3) and according 
to 1.5.2(c)¢i) this would imply every quotient mapping of a countable 
space is necessarily a hereditarily quotient mapping. This is seen to 
be false in the example below. 


1.5.3 Example Let X, be the space of rationals in (0,1) and X 


be the space {0,1/2,1/3, ...} with usual topology. Let X be the 


2 


disjoint union of X) and X, . Let Y be the space obtained by 


identifying each 1/n ce X, with 1/n e« X (This is a modification of 


k Z 
[12] , Example 1.8) . Let f£ : X > Y be the quotient mapping . Then 


f is not hereditarily quotient mapping, for xX is a neighbourhood 


DEER. (£ (0) 5 but £(X,) is not a neighbourhood of f(0) . 
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CHAPTER II 


STRUCTURE THEOREMS 


There are available now several theorems of the form taken 
by Cohen's theorem on k spaces ([9]) : ' X is a k space iff X.is 


a quotient of a locally compact space'. Thus 


a) Frechet Spaces are hereditarily quotient images of 


metric spaces ([12]) 


b) Sequential spaces are quotients of metric spaces ([12]). 


c) c¢ spaces are quotients of disjoint unions of countable 


spaces ([28]). 


Two of the following theorems exhibit the above as special 
cases of certain general structure theorems for T' spaces and T 
spaces. This is followed by the development of a structure theorem for 
T spaces which is, so far as we know, new for any choice of JT . We 


R 


have also a structure theorem for strongly T"' spaces. 
II.1 Theorem Let J bea class of spaces which is closed under 


countably bi-quotient mappings and includes K U {x} whenever KeT , 


and x eK in the topological space K-u {x}. Then the following 
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are equivalent for any topological space Y :; 
a) Y is astrongly T' space. 


b) Y is the countably bi-quotient image of a disjoint 


union of spaces from T 


c) Y is the countably bi-quotient image of a locally T 


space. 


Proof & a) > b) : Let X be the disjoint union of all subspaces 
of Y which belong to 7 and let f£ : X > Y be the natural mapping. 
Now if (A) is a decreasing sequence accumulating at a point y in 

Y , then since Y is strongly T' , there is a JT-subset KcY 


such that oy.6 (Kaa A) for every n_. Considering the summand 


K uty} of X , it follows that f is countably bi-quotient mapping. 
b) > c) =; Obvious. 


Cee. alten Eollowsbirome @¢6 lguandiel..5.2(a) 


II.2 Theorem Let JT be aclass of spaces which is closed under 
hereditarily quotient mappings and includes K u {x} whenever KeT, 
and x e«K in the topological space K2u:{x} . Then the following 


are equivalent for any topological space Y 
Biel. 16 sa et eee psce. 


b) Y is the hereditarily quotient image of a disjoint 
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union of spaces from T 


c) Y is the hereditarily quotient image of a locally T 


Space. 


PLEOOE:: a) >b) : Let X be the disjoint union of the subspaces 
of Y which belong to 7T and let £ : X + Y be the natural mapping. 
To see that f is hereditarily quotient mapping, let y « A in Y 
When for someyeKscae) pinesyYeuneoyace (Aun K)) aoTheniay:e.Ka,and; hence 
Ku fy} ¢€ T . But then Ku f{y} is a summand in the disjoint union 
X . It is easy to see that this summand contains a point common to 


e tty) ana (71a) 
DRS (C) ee a ObV Lous. 


©) sa) <3 A locally 9f space is a T’ space and the 


hereditarily quotient image of T' space is, by 1.5.2 ,a T' space. 
II.3 Theorem Let JT be a class of spaces which is closed under 


quotient mappings. Then the following are equivalent for any topological 


Space Y 


b) Y is the quotient of a disjoint union of spaces from 7. 


c) Y is the quotient of a locally T space. 


Proor,. * a) >b) : Let X be the disjoint union of the subspaces 
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Ot Mrwhichxbelongstoy ligenvand £ * X > Y the natural mapping. It is 


routine to verify that f is a quotient mapping. 
be c) 2 | Obvious. 


Ce a) Aulocallyaies space 1s) 4 Ty espace, and! the 


quotient of a T space is a T space by I1.5.2(c) (i) 


LEA In order to characterize the TR space in the spirit of 
structure theorems just given, we need some concepts which were introduced 
by McArthur [19] . A linear order < :on a set S is said to be 
dense provided whenever x <_y in S|, then x < z < y. for some Zé 5. 
We write Acc B in a topological space X provided Toap ee Asset 

F ¢c X is said to be a strong Go-set in X provided F is closed 


co 
and F = (25 where each CG; is open and cc is a dense linear order’ 
1= 


on {G, } 


We introduce now some terms based on the above. A subset 
PemOseal topological spacese xm wiligebe called’a I-g-set if 
F = A G, where each CG. is T-open and cop is a dewe linear order 
on {G,} (where A So. 1) iff Cl iy AcB).A Teclosed T-g-set will 
be called a T-G-set . Clearly, a T-G-set in X is precisely a strong 
G.-set in TX . Finally, we define a class of mappings wider than the 
class of quotient mappings. We call a continuous mapping f of X onto 
Y a T-weak-quotient mapping provided every T-g-set A is closed 


in Y whenever fe fay is closed in X . Our characterization of T 


spaces will use T-weak-quotient mappings, but to prove it efficiently, 
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we first prove the easy lemma: 


II.4.1 Lemma Ayspacerex, isa TR space if and only if every 


T-G-set in X is closed. 


Broo) : Acecardine Wto McArthurey[9o)]%e,lagset F in X is a 
T-G-setsiteandsonly if F is a zero-set in TX . Thus it suffices to 


show. -X ‘lis.caauT space if and only if zero-sets in TX are closed 


R 
inWexXe. 
To prove sufficiency, let f.: X-* R_ be T-continuous, 
and Z a zere-set ins R .¥_Then Fel Ozy is a zero-set in TX and 
hence closed in X. It follows easily that the inverse image of any 


closed set in R is closed in X , so f is continuous. 


To prove necessity, let Z be a zero-set in TX . Then 
Z =f ~°(0) for some real-valued T-continuous function f on X. But 


f is then continuous, so Z is closed. 


II.4.2 Lemma~ Let 7 be a class of spaces which is closed under T-weak 


quotient mappings. 


Then a T-weak quotient of a TR space is a TR space. 
PEOOL? ; Let f: W-+>Z_ be a T-weak quotient mapping from a 
Ak space W onto Z. Let A bea T-G-set in Z. We must prove 


R 
Pig § ; 
that A is closed. For this, it suffices to prove that f (A) is 


closed in W. But, since W isa Tp Space, one would just show 
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that fa (A) is a T-G-set in W . We, however, prove that if G be 

a T-open set in Z, fa-(c) is T-open in W , for other details would 
then follow easily. Hence, consider SE: Let K be any subset 

of W which belongs to T . Then f(K) € T whence f£(K) n G is open 
ine (hk). Leetollows! that fer (G} n K is open in K which implies 


fence) is T-open in W.. This proves the lemma. 


II.4.3 Theorem Let T be a class of spaces which is closed under 
T-weak quotient mappings. Then the following are equivalent for any 


topological space Y: 
a) Y isa TR space, 


b) Y is the T-weak quotient of a disjoint union of spaces 


belonging to T , 


c) Y is the T-weak quotient of a locally T space. 


Poo tae: a) > b) : Let X be the disjoint union of all subspaces 
of Y which belong to 7 and let f be the natural mapping of X 


onto Y . Then f is a T-weak quotient mapping. 


ell 
To see this, let A bea T-g-set in Y such that f (A) 
is closed in X . However, since f : X > TY is a quotient mapping, 


A is T-closed. Thus A is a T-G-set and hence closed by I1.4.1. 
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c) > a) : This follows from the fact that a locally T 


Space is T and that a T-weak quotient of a T 


R space is. a T 


space 


R R 
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As special cases of the foregoing: theorems one gets struc- 
ture theorems for all the various coherence topologies mentioned in 


the implication diagram on page 7. 
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CHAPTER III 
T-COVERING MAPPINGS AND COHERENCE TOPOLOGIES 


Our main interest here centres around characterizing some 
of the coherence topologies in terms of T-covering mappings which 
generalize the existing ‘compact covering mappings' and ‘sequence 


covering mappings'. 


Libel In this section we discuss various covering mappings. First 


we define J-covering mappings. 


ERE-Y 1 WDefinition A Gontinuoustiunctions f- from yX  ontoaensY vis 
called a I-covering mapping iff to every T-subset A of Y there 


corresponds a T-subset B of X such that £(B) =A. 


When 7 consists of compact spaces, a 7-covering mapping 
is compact covering mapping of Whyburn [35] and Arhangel'skii [3] 
Likewise, one gets countably compact-covering mappings when [7 is the 
class of countably compact spaces. When T is the class of convergent 
sequences, |-covering mappings will be called S-covering mappings. 
One might recall at this stage how Siwiec [30] has defined sequence 
covering mappings. A continuous function from X onto Y is called 
a sequence covering iff whenever ve See eee Ones OMe x f(y) 


and x € SEG » xX, +x . The following example shows that S-covering 


mappings are not quite the same as sequence covering mappings. 
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III.1.2 Example Let X be an uncountable set. Let C_ be the 

co-finite topology on X while T be the topology on X having for 

its subbasis the family {a} uC where a is a fixed point of X 

Then the identity mapping id: (X,7T) > (X,C) is certainly continuous. 
In fact, id is an S-covering mapping. For, if So be 

any sequence (x) together with a limit, say x in (X,C) , consider 

twovcasess (€1) ans is an infinite set 


C 


(ii) Sc is a finite set. 


Case (i) : Here there are infinite number of points of So which are 


diprerentarromes a) (Lieatevaile ace So ). Fix some point of Sc other 


Chalnmeameanuca pled tay. mele t el oe a (itwate all erarce So ) and 


let y5, +++ sY,, +++ be an enumeration of so - talyiy) os Then yar ey. 
in Sr where Sr has the same set as So with the topology inherited 
fromeeck s)) oe Then Se is a sequence with a limit in (X,7) such that 
id(S,.) = So A 

Case (ii) : Here Sc may be regarded as an eventually stationary 


sequence with a limit in both the topologies simultaneously. 


However, id is not a sequence covering mapping. (For, if 
cae ik 
(x) be a sequence of distinct points such that x CAND eee aa o 


(Note that the spaces in this example are non-Hausdorff.) 


The following proposition, however, shows that in the 
class of Hausdorff spaces the distinction between S-covering mappings 


and sequence covering mappings vanishes. 
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III.1.3 Proposition If Y is a Hausdorff space, then f : X>Y 


is a sequence covering mapping if and only if f is an S-covering 


mapping. 
FLOOLs.. Only 1f@ > Easy. 

Tits:; whete f’: X= Ye besan S-covering«mapping «« Let 
Yor # Cuter irandeletrturther Sy = (y) UrGyis 


We consider case (i) : Sy is a finite set 
and case (ii) ;: Sy is an infinite set. 
Case (i) : Here it is easy to find a sequence (z) in X such tha 


ae ezine <swhere z€ Ene) and ze eG) 


Case (ii) : Here we first note that since f is an S-covering 


mapping there is Sy = (x) U (x) such that x7 x and £(S,) = Sy 


Thenesi(xje= yn LEonsavt notyiby continuity of Cf 
f(x_) > f(x) whence if f(x) # y , the sequence (£(x_)) is eventual 


equal to f(x) as Sy has discrete topology on Sy - {y} . However, 


this means that Sy is a finite set giving a contradiction. 


Now choose a point from £ Cy) c Sy chveh Youll She x 


It suffices to show that x > x . Let hence O be an open set 


Containings x .» Then, as x axes, x € O whenever n> Mm _ for some 
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Mee but. then tf fix, Heth x) = Ly 7 oCo pacar } , one has x" 
Me m 


€ 


whenever n > max {k . k whence x! DaExe ¢ 


se 


t 


e 


ly 


O 


oA fee 
7 ' 


pe if > 5 iy 
Ve ae ; ta oo 


ey : 
- : i, 7 ; 
_ 7 : %) . y 


: | io 7 a 2. 

an eet bs’ 7 . A | ie | ewes : 

r | ~ ee? zm; 

Ke a aotla .sokqe, 2inobeval a BE ¥ sateoget & 
io. Py 

aahrovo-2 np et a ee bas cos gatquen 3 22 99 


G 
yf 


i 


7 Ow , -Yead .: 2E yino 


tsi «agniqgan guizsvoo-2 msd Y*+X:2 gal | 7 


omatenlll 


; =9 
y tee szintia st y2 (1) 9259 ssblemos aW vr - 
; e 
(ede edtaiini de et (2 : (il) oeno bas 


; e. : ; 
jsiid dove X ak (3) s9nsupse & bai} oF yess at 45 sxe :. @ 


—_ 


‘ (or 3s bas (yy 3 2 Ss oxsdw X gb gs + 2 
2 <a - 


. 

7 
° gnkteveo-2 ns @b 3 sonte tedt sion deri? sw osxsH : (x2) 
Hie : i! ~ 


2 ye = (,2)8 ‘bis x + a Jedi dove (x) u ( e x° at eterna 
a :, 


«2 ‘Ytuntinos wd dom 2k ,tol . y . (x)2 asdT 
Uloutnevs et ({#)3) somsupse silt 2 y © (x)? 14 soneriw Ga * 
-tevewoH =. fy} - - bet Yaoloqos Sisipeib esd ye as (x)% 


“ao aotbexaa09 8 gnivig tse es tnti- & at oy porn ane 8 


om 22 Seo Piel mo22 tukog 8 2eoort ol 


ade 


We now introduce some more concepts. 


ILL.1.4 Definitions A continuous function f£ from X onto Y is 


said to be a cluster covering mapping iff whenever bie td DAY heh bee 


for some x, ¢ EG) and xe a) ne, > x in» Xs where, ' >>" 
is’ to be read.,' clusters to" . A C-covering mapping will be 


T-covering mapping where T is the class of all clustering sequences. 
(By a clustering sequence we will mean the range of a sequence 
together with one of its cluster points.) A countable covering mapping 


is obtained by interpreting T as the class of all countable spaces. 


It is easy to see that every cluster covering mapping is 
a C-covering mapping and that every C-covering mapping is a countable 
covering mapping. In fact, every continuous surjection is a countable 
covering mapping and also a C-covering mapping. This can be easily seen. 
Indeed, we have mentioned these mappings to attain a certain completeness 
in presentation. To see that a C-covering mapping need not be a cluster 
covering mapping consider the identity mapping id from (R,C) onto 
(R,U) where U is the usual topology of the real line R and C is 


the usual topology on the real line R with zero discretized. 


Also, just note in passing that one gets the same T and 
T' topologies, that is, c (=c') topology, irrespective of whether 
one uses the class of countable spaces or the class of clustering 


sequences for 7 . 
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Hid M4 We are now in a position to turn to the characterization 
of certain coherence topologies in terms of T-covering mappings. We 
will assume that 

(i) T is closed hereditary 

(ii) T is closed under continuous mappings 

and (iii) all T-subsets of the range space Y under consideration 
@re closed . 

The discussion of cluster covering mappings and cluster coherence 
topologies is reserved for the end of this chapter. This is because 
even in very good spaces cluster sets or countable sets are not always 
closed and, as we will discover later, ac space in which countable 
sets are closed reduces to a discrete space. Lastly, we must mention 
that we could not obtain T-covering mapping characterization of strongly 


T' spaces. 


III.2.1 Theorem A topological space Y is aT' space if and only 


if every T-covering mapping onto Y is hereditarily quotient mapping. 


PrOOL +: DEog- Let. berancopological space such that, every 
T-covering mapping onto Y is hereditarily quotient mapping. Let X 

be the disjoint union of all subspaces of Y «which belong to 7 and 

let f: X->Y be the natural mapping. Then X is certainly a 

T' space. Further, f is a T-covering mapping which then, by hypothesis, 
is hereditarily quotient mapping. But then, since by I.5.2 (b) a 
hereditarily quotient image of a T' space is a T' space, it follows that 
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Only if : Let f : X » Y be a T-covering mapping onto 
a T' space Y but yet not hereditarily quotient. Then there is a point 
y € Y. and an open neighbourhood U of eres such that y does 
DotscelonemtOmernt. ef (U) 2 Thengi vee: V-— Int, £(0) = {Y =,£(U)) » 


Hence there is a T-subspace K of Y such that y « {(¥ - £(U) n K} 


= (K - £(U)) . Also, there is a T-set L in X such that £f(L) = 
Cage eeeesinces Ki £() < fl) 7f(U) 2 f(L -U) and £(L — Uv) 
is closed, £(L) = (K — £(U)) © (£(L— U))" = £(L - U) . Hence y 


belongs to £(L-U) and ees) n (L-U) #¢.. This is a contradiction 


since rac ew 


Corollaries 1) (Siwiec and Mancuso [29] ) A Hausdorff space Y is 
a k' space iff every compact covering mapping onto Y is a hereditarily 


quotient mapping . 


2) (Siwiec [30] ) A Hausdorff space Y is Frechet iff 
every sequence covering mapping onto Y is a hereditarily quotient 


mapping. 


3) If countably compact subsets of Y are closed, then 
Y is quasi-k' iff every countably compact covering mapping onto Y 


is hereditarily quotient mapping . 


III.2.2 Theorem A topological space Y is a T space if and only if 


every J-covering mapping onto Y is a quotient mapping. 


Brook, : If : The proof of this part is very much similar to that 


Cistnem ifueparteoL  bll.2,1 ~and 1s’ hence omitted 
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Only if 3 Let £: XY be a T-covering mapping onto 
anise spaces Yair!’ Let ~-B be*a ‘subset ‘of. Y . with aa (B) closed in 
X . To prove that B is closed in Y , we must show that BjyC is 
closed in C for every J -set C in Y. But C = f£(K) for some 


T-set K.c*X , so that £1 (p) nK isa TJ -set since J is closed 
hereditary and hence so is its image BncC. It follows that BncC 


is closed in C 


Corollaries 1) (Siwiec and Mancuso [29] ) . A Hausdorff space Y 
is ak space iff every compact covering mapping onto Y is a quotient 


mapping. 


2) (Siwiec [30] ) . A Hausdorff space Y is sequential 


iff every sequence covering mapping onto Y is a quotient mapping. 


3) If countably compact subsets of a space Y are 
closed, then Y is quasi-k iff every countably compact covering mapping 


onto Y is a quotient mapping. 


4) If countable subsets of a space Y are closed, then 
Y is a c space iff every continuous mapping onto Y is a quotient 
mapping. In other words, Y is a discrete topological space iff Y 
is a c space in which every countable set is closed. (Of course, this 


fact can be seen directly.) 


III.2.3 Theorem A topological space Y isa TR space if and only 


if every T-covering mapping onto Y is a T-weak quotient mapping. 


30). 


77a 
Leo aN Oe 
sie is Fe Xa jar “a Bla 


om «ay “Gabe - to  paaien ‘& od a J61 
a sp 


7 aoe asd ‘wore teum aw , Y nik betcio at 38 


4 


: SS 
Pn aioe xct | am 2 sua . ¥ sb 9 gse- T yisvs 
eo apt o: 
: bowie 9 date a tT s al Hn (8) F ted 
*e Z 
Fi x ro dads ewoilot 3F . 3H G agemt ast et o& sonon bos are 


r 4 ; ‘os : 
; . 9 ok bagets ot 
7 oY A it Fey 
' \ = 7 ' ~~ ’ : f. ‘ 7” 
Y Soaqe titdbeos# A. ( [@S] oevoneM hms osiwie) 1 eot nih 
_~ & pa = 
saeivoup eat Y ofeo giiggan acizvsves Joreqmoo YIsvsS Til sopqge Ae be, 


¥ en 


auiggee 


: é 


fetineypse ak Y soeda VixsbeosH A . ( .(0&] sskwte) (S © : 
‘ : 


3 


¥ - P. 7 
+ ; _ —s 
«gniqqsm dasttoup 28 et Y o2n0 pitlogem soltevoo sonsupse YIsVe Tae 
ve. 
i 2 
~~, 
ae “S3B Y Sosge 68 Jo sssedue Josqmos Yldatuvoa TI = (€ ‘ 
s : ; : e 


¢ 


gaiggsm sniievoo fobqmo>n yldadineos visvs 711i A~besup el Y feng 


-guiqgqem unstieup s et 


| mefis ,bse0lo e265 Y ososqa 6 to sisadua sidsasivoo YI th _ 


anszjoup s ef Y ojno gniéegm euounlisaon yrsvs Yi} 399692 3% 8 


* 


© 
: £ 
Y 8f aosge igotgoingo3 Stomsetb:s el Y ,sebsow rsdio al 


— 
eidi .sstwoo 10) ‘ bseols at toe sldsinuos yisvs doldw. ob sosqe 3 


>» ”* 


p bne 2b suse ca & et v aah ° pone . pe 
; - eos cab <q 4 sce 2 Leaky rege ‘ms 168 an: = 
cs ake 


% 


ite — snetioup iasweT 8 ‘et a Gano sntee awe rs (isv 


Pw ott es i en 
| eo . fg » i : aa? 
; : nd a » 7 
me oe. ih 
ot ee >t 7 7 
<a Lae 
se 


Brock ss: Tf : The proof of this part is very much similar to 


thateotethaaar = partwor LIL.2¢1, ‘and hence omitted. 


Onlvyei te. Lets Y jbera TR space, and let. f 3: xX > Y. 
be a T-covering mapping onto Y . We must show that f is a T-weak 


quotient mapping. 


To see this, let A bea T-g-set in Y and let fk) 
be closed in X . We must show that A is closed in Y . But since 
Yehiisea Tp space it suffices to prove that A is a T-G-set. That 


is, in fact it suffices to prove that A is T-closed. 


Now consider f as a mapping from TX onto TY. Then 
since Y and TY as also X and TX have the same [-subsets, it 
follows that f is a T-covering mapping from TX onto TY if we can 
prove that f : TX > TY is continuous. Hence, let G _ be T-open in 
Vee Consider le Let K be any T-set in X. Then f(K) e€ T 
whence Gn f(K) is open in f(K) . But then riee(G) n K is open in 
K. Thus f£  (G) is T-open in X . Hence f : TX > TY is a f-covering 
Mapping. “But then by TI11.2.2 £ : IX > TY is a quotient mapping. 


This means that A is T-closed as f =e is known to be closed. 


Corollaries 1) A Hausdorff space Y isa ke space iff every compact 


covering mapping onto Y is a compact-weak quotient mapping. 


2) A Hausdorff space Y is an Sp space iff every 


sequence covering mapping onto Y is a sequence-weak quotient mapping. 
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3) If countably compact subsets of a space Y are closed, 
then Y isa quasi-k, space iff every countably compact covering 


mapping onto Y is a countably compact-weak quotient mapping. 


4) If countable subsets of a space Y are closed, then 
Vesa a Cp space iff every continuous mapping onto Y is a countable- 


weak quotient mapping. 


TEE Bee) All discussion in previous section assumed, among other 
things, that all JT-subsets in the range space Y were closed. As we 
have already seen, such a restriction makes the underlying c_ space 


discrete. In fact, one can prove the following without any conditions. 


III.3.1 Theorem The following are equivalent in any topological 


spacey Yq; 
a) XLS a) cam -C.) espace. 


b) Every cluster covering mapping onto Y is a hered- 


itarily quotient mapping. 


c) Every cluster covering mapping onto Y is a quotient 


mapping. 
Proof ; a) >b) ¢ Let Y be a c space and let £ ; X>Y be 
a cluster covering mapping onto Y . Then if f is not hereditarily 


quotient mapping, there exists y e« Y and open neighbourhood U of 


a “a Bucheeiater y.¢ ints, £(U) 7. Then, y e (= f(U)) . Then there 
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is a sequence e) in Y¥ = £(U) clustering to y . (Recall that 
c = c' .) But then there is a sequence (x) and a point x of X 
such that Ets a 7(y ) fOr every. 0e eX € 4 (y) Sand x See A 
Now since xe fan) and aa enn, x, > x implies that (x) 


is frequently in U . However, (va) < Y - £(U) implies that.‘for 


every n, x, ¢ U.. We thus have a contradiction. 
Dee). Obvious. 
c) >a): Let X be the disjoint union of all clustering 


sequences in Y and let £ : X + Y be the natural mapping. Under 
the present situation f turns out to be a quotient mapping from a 


c space whence Y becomes a c_ space. 


III.3.2 Theorem A topological space Y is a Cp space if and only 
if every cluster covering mapping onto Y is a countable-weak quotient 


mapping. 


PrOOlwee: The proof of this theorem is very much similar to that of 
III.2.3 and is hence omitted. Of course, while proving it, one will 


have to use ILI23;1) rather than Lr1.2.2. 


32. 


os  £ stile oy pate Te t 
2 a os ee ice ee ee oe 
(20. 3a89 gatlgat x <x oD Cg a bag - oes 
0% 308s aottdi (W)t - Y= 0%) eisvewoH . U ant 


.nofsoibsx2n02 & Sysil evrisioW . ue Wa 


-auotydO : ee : 7 

| 7 } 
‘gatréteulo Ile 2 nolo sotofeth ed3 sd X tat : (Bets 

/aebot «e@@igqam [s1v350 me Sd YX? 1 85 boa Y¥ ook 


& most golaqem anskjoup ad oF 3u0 enw 3 nobisutia raseetq odd a 
P 

-898qa 2° 6 esmbood  ¥ sonodw sosqe “a 

i“ 


| vino bas ii s2sqe 5° Bak Y sdege [nzigologoy A matoalt Ne 
\taebtoup er B ef Y ojno gotqqem gairzsyvon rsteyis ok 


to ted9 of aslimie flobum -wasv 2k) metoodi sida to tooxrq sit tl 


fitw eno .31 gatvorg siiry ,serticn 40 Jbogale Sone at bas 


sS.S. ETT mods aedisx {.£. 007 oy ih eae 


5 


CHAPTER IV 


SUBSPACES 


EV Franklin [12] has observed that a Fréchet space is 
hereditarily Fréchet, a sequential space is closed hereditarily 
sequential, and a hereditarily sequential space is Fréchet. These 
results can be extended rather nicely to include the Sp spaces and 
generalized to TIT", *T, T. Spaces. This is accomplished in the 


following two theorems. (Mrowka [24] has observed that (a) and 


(b) in Theorem IV.1.1 are equivalent.) 


IV.1.1 Theorem If JT is closed hereditary, then the following are 


equivalent for any T Space X ; 


a 


a) X isa T space. 


b) Every closed subspace of X isa T space. 


c) Every T-closed subspace of X isa T, space. 


OO Lames Clearly “a) > ~b)’ +> c). “To show that’ c)=‘a) ; let 

Fc X be T-closed and suppose x¢ F-F. Then Fu {x} is T-closed 

and hence a TR space. If there is no J-subset K of Fu {x} containing x 
such that x « (F p K) , then the characteristic function of {x} is 


T-continuous but not continuous on F vu {x} . This is impossible; hence 


F is closed. 
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Note that the equivalence of a) and b) does not needT, . 


IvV.1.2 Theorem If J is hereditary, the following are equivalent 


for any Ty Space X 
ae ke isa) sl spacer. 
b) Every subspace of X isa T' space. 
c) Every subspace of X is a T space. 
d) Every subspace of X isa qT, space . 
Proof ; Clearlyseaje 7 b)mewc)e ad) elo show that d)~ a) , let 


FYeexs and let” x ¢ iy Sid 4 We Sle Gers proof of Theorem Tele this 
would entail the existence of a J-subset K of F U {x} such that 


xPe (KR OF)0 , which proves that X is a T' space . 


Note that the equivalence of a), b) and c) does not 
need T : 


The s@paration axiom T, is really needed in both IV.1.1 


iL 


and IV.1.2 . To see this, let JT consist of finite spaces so that T 


is hereditary. Let X be a countably infinite set consisting of distinct 


pwints a, by A b, wk a ees bo 5s EL we - Topologize X by calling 
a subset of X open iff it is empty or has the form fa , b. * ba 5 oe 
Then every subspace of X is TR . But X is not a T_ space, since 

{b bee ze ln . ..} ais a T-closed set in X which is not closed . 


Leg 2 We 


is 


| tnetevkups 928 petwotior afd <yiesthaion at 


Ti ( x ma Yes 
i ity od ce a ‘ 
LP oh a 

a in T : ~ % 

- ; . - : ae F : ‘ 
or ens re: . songa ‘T #8 at 8 
: 7 
| | | | : 

we ; « Songs ~ ' s af xX Jo sssqadue yrsva (d < 


_soags T o et X Yo soaqedve yrova (9 


; soRge fae s at X to sosqadua yrevd (5 


z ) : Ve 
gol, (es *(b. tat woe oT. (b* Ot (o* (se yiosoo _ es 019 
ahead : LIN mesxasHt 16doory sdjalk aA. 1-75 x Fee ‘bets kas 

if ded stome ix} 6 FT to MB tdedva-7 6 to snnstebes orld fretas 


=| 


w / ‘, epsge ‘'T set X tadd asvotq doinw, - “wa 


jan esob (2 bes (d . Je aonsisviups ord "3sd3 siov 


Dik vi deed at beboonr Wiser et c molxs nokjszeqas st 

+ adi 08 @eange s3imk? Yo tetaos’ T 391 nn ae — 
tuntaatb 20 gaiseteno> Jen siintiak vidssmos 9 od X gar. 
pattie ed X sxtgofogor . ene 
ee ee = 


. 


Patera eee Ae | gi st, 30 song io 
ae resins akstenicncees eh ee ov 
eis) We bee Oe 


36. 


(Note that only constant real-valued functions on X are continuous .) 


Thescondttions on) of eine LV...1) and IV,J.2) ‘cannot be 
significantly weakened. For example, every compact Hausdorff space is 
a k' space, but not all subspaces of compact Hausdorff spaces (i.e., 
not all Tychonoff spaces e.g. Aren's space discussed in VI .2.4) are 
k' spaces, or even ke spaces, so that IV.1.2 cannot be much 
improved. Likewise, to see that IV.1.1 cannot be improved, let T 
be all connected spaces. Let Y be any totally disconnected non- 
discrete T, Space, and let X be the cone AY over Y. Then X 
is connected and hence a T space, but Y is a closed subspace of 


X and is not a T space. Indeed, with this definition of T , a 


totally disconnected space will be a T space iff it is discrete. 


The following results now become corollaries to theorems 


Vere leerand meLV. Lea. 


Corollary a) X is sequential iff every sequentially closed subspace 


Oia ke So an SR space. 


b) X is a k space iff every k-closed subspace of X 


is a ke space. 


c) X is ac space iff every c-closed subspace of X 


Logas Cc space. 


d) X is a quasi-k space iff every quasi-k-closed subspace 


Obeerk 18a quasi-k, space. 
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Corollary a) X is a Fréchet space iff every subspace of X is 


sequential iff every subspace of xX is an SR space. 


b) X is a Fréchet space iff every subspace of X is 


a k space iff every subspace of X isa kp Space. 


€) X. is a Vc “space iff every subspace of X  isya 


c space iff every subspace of X isa Cp space. 


IVe2 A closed or open subspace of a T Space need not be T 


R 


In fact, one can give examples to show that in none of S§S Cer ee Kes 


Ree R 


or quasi-k, spaces are closed subspaces necessarily of the same kind. 


R 


IV.2.1 Example This example shows that a closed subspace of an Sp 


space need not be even c (thus a closed subspace of an S§S 


R space 


R 


need not be §S and a closed subspace of a c Space need not be c 


R R R)* 


Let 8 be the ordinals < Wi» the first uncountable 
ordinal. Then & is a compact non-c, space (the characteristic 
function of tw} is continuous on every countable subspace of 2 but 
not continuous on @ ). But ® is the BO Poneacech compactification of 


2 = Q - {w,} and, as such can be embedded as a closed subspace of 


* 
i Cr) ,» where Cx(L) denotes the set of all real-valued bounded 
continuous functions on 2 . Since the cardinal of cx(2.) is “small” 
cx(2 ) 
Vs Oo is an SR Space by the Mazur-Noble Theorem (1.3.2). 
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IV.2.2 Example This example shows that a closed subspace of a ke 
space need not be even quasi-k, (thus a closed subspace of a ke, Space 
need not be ok and a closed subspace of a quasi-k, Space need not be 


quasi-k,). 


Noble [26] has proved that a Tychonoff space can be always 
embedded as a closed subspace of a pseudo-compact ke space. Since 
there exist countable Tychonoff spaces which are not ke , e.g. Aren's 
space discussed in VI .2.4 , the claim made in the previous paragraph 
stands. (To see that Aren's space X is non-quasi-k,, note first that 
a subset of X is compact iff countably compact iff finite, Further, 
the characteristic function of the set {(0,0)} is continuous on every 


countably compact set but not continuous.) 


These examples raise the question whether 'T-closed' in 
Theorem IV.1.1 can be replaced by 'closed'. This question remains 


unanswered. 


IV.2.3 Example Let J denote the class of all connected spaces. 


Consider the example of Knaster and Kuratowski [17] . We 
describe the construction briefly: Consider the Cantor set C obtained 
by deleting a countable collection of open intervals ('middle thirds') 
from the unit interval I . Let Q be the set of endpoints of these 
micervale (sou. 2G ) and@set vPr=—"C -="Q*7 "Let *p ¢ Ro be the point 
(1/2,1/2) and for each x «+C , denote by L.. the straight line segment 


foindings =p and x . Define 
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Tae = { (x) 5X5) € L x5 eer atone | tame ke eo 
Ree ‘ 
and L { (x) 5X5) € L Xy ome iat Ola lots alot ee orca 
Then the subspace K = U og of Ro is connected, while K - {p} 
Sem G 


is totally disconnected. 


It is obvious that with T as above, K is strongly T'. 
However, K - {p} is non-discrete totally disconnected and hence 


cannot be T, . (In fact, a'totally disconnected space XK isa T 


R R 


Space where 7 stands for the class of all connected spaces iff X is 
discrete. To see this, consider the identity mapping of X onto 
itself where the domain X has the given totally disconnected topology 
while the range X has the discrete topology and recall that a topo- 
logical space is a T space iff every T-continuous function defined 


R 


on it with values in any arbitrary Tychonoff space is continuous.) 


Thus, in general an open subspace of a strongly T' space 


need not be even T, . However, we do not know whether an open sub- 
space of an Sp > Cp > k, AOL quasi-k, space has to be the same kind. 
IV.2.4 There are non-sequential SR spaces whose every open 
subspace is Sp eee aCL. yi is an Sp space by Mazur-Noble theorem 


where 2 denotes the two-element discrete space, and since every basic 

; Ne Be : R we 
open set in 2 is homeomorphic to 2°, each such basic open set is an 
Sp space. Hence, every open set in? 2* is.locally an Sp space and 
hence (see I.5.1) is an Si space. Hence the question here is: For 


what spaces is every T-open subspace a T Space? 
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As already seen, a TR space can have a closed or an open 


non-T, subspace. However, the following theorem holds. 


IVi2.) Theorem If JT is open hereditary and closed hereditary, every 


Subspace Y of a TR Space X which is both T-open and T-closed is TR : 


ELOOLes: If FcY is a T-G-subset of Y , it can be easily seen 


that F is a T-G-set in X . The result then follows by I1I.4.1 . 


The following example given by A. Cs4sz4r shows that IV.2.5 


cannot hold in general without suitable conditions on T 


Let JT denote the class of uncountable spaces and finite 
spaces. If X = (Qn (0,1) ) U (2,3) where Q is the set of rationals, 
with the usual topology, then X is T, but Qn (0,1) (which is both 


open and closed subspace of X ) is not. 


LV.3 Weddinton [34] has proved several facts about subspaces 
of k and k' spaces. We will show in this section that TJ versions of 
his proofs yield similar results for subspaces of T and T' spaces. 
However, to do so we need a condition on the class T of spaces under 
consideration and also a condition on the spaces we will consider. Hence 


throught this section , we will work in a setting in which 


i) J is closed hereditary 


and ii) every space considered below has all its T-subspaces 
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closed. 


ive 2 Der inition = Let» X° besastopologicalsspace and §ANesX . Then 
A will be said to have the property T if a subset of A is closed 
in A whenever it intersects every T-subset K of X in a set closed 


Live ce hie 


IV.3.2 Proposition A subspace A of X is aT _ space iff 
i) A has property T, 


and ii) AnkK is aT space for each T-subset K of X. 


Proof : Only if : i) holds obviously. Further, A meets each 
T-subset of X in a closed subset of A and hence in a closed subspace 
of A. But since A isa T space, the intersection of A with 


such a T-subset is a T space. (ii) follows. 


(ieee Le Gee Desassubseteon «Ay which Intersects every 
T-subset of A in a closed set and let C be a T-subset of X. We 
have then A : C to be a T space. But then Unc is closed in 
Agi Ge. =(For.if) D \belavl-subset of “Ain C , D is also a T-subset of 
Ay. .but then JU 90D “iseclosedvin D . Hence Unc is closed in 


Ag Ge a)isince Agahasepeopercy  l., Ul is closed in A and A is 


Bee lees pace. 


Corollary 1,;Every open subspace of a T space in which T-subsets are 


regular is a T_ space. 
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Reon « Let V_ be an open subspace of a T space X and U be 

a subset of V such that UnkK is open in VnkK for every T-subset 
KeOre 4. Eben since V “is open, Un K is open in K . But then 
since X is a T space, U is open in X and hence openin V , 
proving that V has property T . Also, by regularity of 7T-subspaces 
of X amd closed-heredity of T , one sees that Vn kK is locally T 


and hence certainly a T space. The corollary now becomes obvious. 


Corollary 2: If X is a topological space in which every T-subspace 
is regular, and if further every point of X is interior to a T 


subspace of X , then X isa T Space. 


Progra: Let A be a T-closed subset of X . Let x.e A . Then 
since every point is interior to a T subspace of X , it follows by 


Corollary 1 that there is an open T subspace U of X containing x 


Now let K bea T-subset of UnA . Since KnA is 


closed, Kn (An U) is closed in U i ae 


Now UnA is a closed subspace of a T space U and 
hence a T space by the fact that if T is closed hereditary, a closed 
subspace of a T space is a T space. Hence since Kn (AnU) is 
closed in Un A for every T-subset K , AnU _ is closed in eee 


Therefore, since x € Un An (An UomesAg Ue 1t tollows: that) A is 


closed which was to be proved. 


IV.3.3 Proposition A topological space X is a T' space if and only 


if every subset of X has property T 


rerstsity | “Vela anne 
oh % eae T # to sonaedue nono de) ad we 


y 


- essiom 204. BA V at meqo oi HU jena siove (V 10 ato 


- a tue . 5 ua geqo st An U .naqgo ek V sonte nad. x 4 
a. « V ot aeqe aonsit bos X at nego st Uo .998q8 Y set ve? 
ea eit: ; 

hectihiiead ‘go ertDbeges-@8 yoath 7 qtodong Bed, V said gave 7 
bite a) 2a ; 


— 
ba 


ee | _¥lissol ab Mh V des BeHe soo. 1 lo vi thexsn- bseclo ce ae gs 
a 


, euekvde eamosed woh yisifotos edT .sotce T - s yiakes 182, e9mae 
2 i 


| 
ensqedue-T yrave datdw ot s20q2 [solgoiogo: 5 at X iJ «+: S.¢aee 


T «o of wilrsant at X io saloq ytSv9 sodtavi tr bee . 
.songe T set xX noms , X 20) s28q 

. 

nsdl . A 2 % tel.. XK I Jsedue bseolo-T s sd A Tet 


ed awolfei Jt, X to sasaki T Gof aobtsiak st jirhoq yous 2 


ox gntatedooo X Yo U sasqedve T nsgo us at srsiis geany t 


a 
oe i 
¥ 
4 


et Ana sonke . An U Yo'a5edue-l s sd 4 sol wou 


aa a 
At U «al Beutio er (On A) nF 


bee .U s28qge ‘3 8 io SRASERES bseolo s at An U wort 
beeols 6 scrasthorar aa lal at VT i Saif tos? aii yd sosqe T 
es 8 mA A a sonata Sots .9o5te2 - s at sosqe T. & tos a 

. ROU mh bdeolo tk UNA , dD isedue~T yisvs 102 Af U * 


et & ted? ewollol 3 . oe Ayn Red 4 5 se 


datas ae a sab x s2sq2 Losigatog> & ak 
7 cP ; ae . ea @ 
4 i A ; og pd oxen ut ave t nity o io, te 
: : insqoiq esi xX to 4: 
7 7 way va ‘ ; a + : 
ean calito ‘. tl , 


435 


Proor.: Only if :; Let A be a subset of X which is a T!’ space. 


levee bDevalsubset»of A. such that Un K is closed,in’,.Avn K.. for 
CvervenioSlpseb ak woteoXis. Lf xe closure of _U in, Al., «x also 
belongs to the closure of U in X . Hence since X is a T' space, 
there exists a T-subset K of X such that x e« (Un XK), closure 
beingawith respect to >Xian ButeiUi ni Katis’ closed@in® ATS (asseusn K is 
a subset closed in AnkK and AnK is closed in A -— recall that 
hersectosed in) X  .)> Hence x -e Un K from which it follows that 
xe«U , that is, U is closed in A . The property T is thus 


established. 


Lee. Suppose that X is not a T' space. Then there 
is a subset A of X and a point x eA such that x ¢ (An K)~ 
for every T-subset K of X .If K is a T-subset of X , then 
AnK= (AnXK) n {Kon (Au {x})} . Since Au {x} has property 


le Aees) Cc lLosedr in A Unix | whLCchecontradicts x ec A 


IV.3.4 Proposition A subspace A of a T' space X is T' if and 


only if AnkK isa T' space for each TJ-subset K of X 


Proot =: Onlysiig@es) lets Ase bG ae 1 “subspace of a I’ “space =X. 
bet. Ke be a, f-subset-of X "Let B bea subset of An K . If x 
belongs to the closure of B in AnkK , x _ belongs to the closure 


Creep ins A fe lnen it rollows that An .K. 18.4 I" space. 


tpeet Let eb c A -and 9x e the closure or 8B in A 


Then since X is a T' space, there exists a T- subset K of X _ such 
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thatieexte (BR miK)® . Then one hasbex#ee(BtheK) mn Avc Ben (AsneK) 
Thus there is a T- subset C of A for which x e« (Bn C) . (This 


tg@because PAN K is a T' space.) It follows that A is T' space. 


Corollary 1: If X is a T' space, then every open subspace of X is 


also a T' space, it being assumed that J-subspaces are regular. 


Brootas: Let O be an open subspace of X . To prove that O is 
aul = space it isysufficient tosprovetnat, O 4.K -is a I' space for 


every T-subset K of X . 


Let, hence, Ac0OnkK where K is a T-subset of X and 
let x be aclosure point of A in OnK _ . We must prove that there 


Toma l-cetm kano fn oesuchethat. ex erclosure of KY fn A. in On K. 


There is a set N. opensin On K. containing x such 


that N coOnk. Then N nK is a TJ-set in OnK . Hence we are 
ze x 

done if we prove that x eliNe peLOmOmAGe mneButEsince: sATe kK 

ae iy RON in ee On fin A )aee OR Nowsitee Geis) a neighbourhood of x , 


(Gn N.) n A # > whence Ga” (N n A) # @ . It follows that x belongs 


to (Ny. n A) = GE mn Oy toh 2 I eA 
Corollary 2 : Tfveachspointeort, | Xa iseinterior to a I' space, xX 


is a T' space, it being assumed that T-subspaces are regular. 


Proot. : To prove that X isa T' space it suffices to prove that 


every subset A of X has the property T by IV.3.3  . Hence consider 
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a subset A of X . Let BcA be such that BnokK is closed in 
AnkK for every T-subset K of X _ . We must prove that B is 


closed in A 


Let x 0e'a clostrespoint, of )ba)in A 7) Then, firstly, 
since each point of X is interior to a T" space by hypothesis, it 
follows by Corollary 1 above that there is an open subspace G of X 
containing x which is a T' space. Then, since x e« (Gin Se » there 


exists a T-set K' such that xe {(G@nB)nkK'} . 


Thus, x ¢« (Bn K"') . But then, since BnK' is closed 
in’ otteeee whichis: closedéing Aya petit dhol lows’tthat ix ¢ Bin K' TeeBibs. 


Hence B is closed in A which was to be proved. 
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CHAPTER V 


PRODUCTS 
Vil The behaviour of products of TR spaces is very dis- 
appointing. Not only is it true that the product of two Sp : ke 


or quasi-k, spaces is not in general of the same kind, but the product 
of familiar countable Fréchet spaces need not be even a quasi-k, 


space. The following example illustrates this fact. 


V.1.1 Example This example is indeed due to Franklin [12] . Thanks 
are, however, due to Professor S. Willard for showing the author that 


this example possesses the properties mentioned previously. 


For the sake of simplicity, we break consideration into 


two parts. 


is Let @Q be the rationals in (-1,1) , Q' the rationals 
in R with integers identified, and let X =QxQ' . X then is the 


product of two Fréchet spaces. 


Let now (x) be a sequence of irrationals < 1 converging 
Monetentcallyadownwardttop Of. 2Fory neweO Foley9 2), 2. G tet Tf 


be interior of plane triangle determined by points (x_n) ; (1,n+5) ; 


oi 


(1,n-> and ie the reflection of Th in the y-axis. Let R_ be 


n 
d 
interior of rhombus determined by points (-x 1) ; (0 ,nt>) » & on) 


and (Ge . Then W =T UR UT" is an open subset of the 
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Bigaee 
plane. Thinking of X as a subset of the plane with horizontal 


ll 
Ee 


integer lines identified, let W = Xn Cu Ww where Wee = 


RAt io Mee eT 


pI », tet Sbeinge@reflections®of™ Ts 7 R +, °T 
=f) =n nh n 


al =i) 


respectively in the x-axis. 


line Pi: X >Q and P 


any neighbourhoods U and U' of O in Q and Q' respectively, 


5 Oy) cannot be contained in W . Hence (0,0) is not 


73 MeO are the projections, for 
al & 
Pi en CP 


an interior point of W which, therefore, cannot be open. 


Now on each Ss define ae : s + [0,1/2] as described 
below, =F being a strip of X as shown in the figure which follows: 


Wj2e, when (x,y) e.0, 2' or the unshaded 
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LE 


(xy n-l) (1,n-1) 


ES Ses MO eS 


olen 2) 


At the points (x,y) mot covered in the above, define ie by means 

of projections from the points (ee seule: (x4 1); (“x wail) ae. 
(x, » nN) as shown in the figure, certain vertical segments being iden- 
ELE Lcdmwibnee | O/ 2 eee ofmexanple mtheupoints sa.) a's ~ 1a’, etc. 


are mapped onto a real number in [0,1/2] with which the point a is 


identified for the purpose of defining f, ‘ 


It can be easily verified that fo thus defined is con- 


tinuous on an 5 


Now derines fsx 9" (0s1/21™ by Setting £ | So °=rt 


for every n. 


f then is not continuous, since fast LOM 2 =W 


which is not open. 


Now to prove that Q2 x Q' is not a quasi-k, Space we must 


show that f£ is continuous on every compact subset KcQx Q' . (Note 
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that 2 x Q' being countable there is no distinction between compact 

and countably compact subsets.) For this, it is sufficient to observe 
that every compact set K of Q x Q' will intersect {Ss - top & bottom 
edges} non-trivially for only finitely many n's , since f | Set 

is continuous for every n . To prove the above observation, suppose 

it does not hold. Then one can pick up one point from Kn Loe Lop 

& bottom edges} for infinitely many n . These points form a closed 
subset of K and is hence compact. However, one can easily see that 


this set is indeed non-compact, giving the necessary contradiction. 


Thus Q x Q' is a product of two Fréchet spaces which is 


not quasi-k, : 


ine We are now in Q' x Q' . Here first we extend the con- 
struction in part I to the whole of the plane by taking reflection into 
the line x = 1 of the portion between the lines x =O and x=l1 
and repeating this process till the whole right half-plane is covered. 


Do the same for the left half-plane. Then identify the vertical lines 


Now each fo will be defined on the infinite strip So 
by a process similar to that described in part I. Again proceeding the 
same way as in part I, one gets a function f which is continuous on 


every countably compact subset of Q' x Q' but not continuous on 


Oy leh 


Thus the square of a Fréchet space need not be even quasi-k, . 
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One might, however, note that it follows by 1.5.2 that 
TI 


whenever T is closed under quotient maps, if jel X, is Tp » so 
€ 
ier ecacne=s° 
a 
Ve 2 When every factor in a product is first countable the 


situation is much different. This is most effectively illustrated by 
the theorem of Mazur and Noble (Theorem 1.3.2). Noble has, in fact, 
proved his theorem for wider class of spaces which he calls spaces of 


C* type. The relevant definitions are given in the next paragraph. 


Vel Let Y be any topological space. Let C(Y) denote the 
collection of compact subsets of Y which, as subsets, have countable 
neighbourhood bases. (For K ¢ Y a neighbourhood base for K isa 
collection of open sets ue such that for V>K and V_ open, 

Kec U, © V for) some: a.) Let “C*(Y) = 41K « C(Y) : as a space, K is 
first countable} . A space Y is said to be of type C if there is a 
subcollection C@) of CW) “such that for each “y in -Y , each’ C 
in a 0@) with y in C , and each neighbourhood U of y , there 
SxrecewameeG rt) C@) With yee Gc Un? C™. We say that—Y—.1s—0r 


x 7 e * 
type ie wale oe) can be chosen as a subcollection of C¥(Y) . 


pur 


Every first countable space is of type C* and every space 


Of type C* (is of type C . 


On the pattern of sequential cardinals of Noble [27] we 


define T-cardinals below. 
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V.2.2 Definition A cardinal a is called a T-cardinal if there 
exists a non-zero real-valued T-continuous function o : hie + R which 
maps finite sets (of A ) to zero where A is any set whose cardinality 
is a and pe is the power set of A with the topology on De having 


foreitessupbase 11B-> A / x © Bi / xe Ar U 41B CBA /'x ¢ B} / xe Al. 


Since every quasi-k continuous function is k-continuous and 
every k-continuous function is sequentially continuous, it follows that 
every non-sequential cardinal is non-k and that every non-k cardinal is 
non-quasi-k. One can similarly see that every non-sequential cardinal 
is non-c. However, we do not know the relation of the non-c cardinal 
with the other three mentioned. Also, since eS is totally disconnected, 
it follows that every infinite cardinal is a connected cardinal. -In 


general, the question of existence of the T-cardinals could be difficult. 


Ves We need two more concepts. A subspace of X= I Xx. is 
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called a t-subspace if it has the form {x « X: 6(x,y) is countable} 
for some fixed y in X _, where 6(x,y) = {a : x? Pool Cee Coach 
subspaces are studied in Corson [10] .) A y-subspace is a 75°-subspace 
if each Sees is finite. A function defined on a product space 


Now oll xX, will be called 2-continuous (respectively 7°-continuous) 
afA 


if its restriction to each ~-subspace (respectively yo-subspace) is 
continuous. Also, call a function 2-continuous if it is continuous 


when restricted to each subspace of the form gq pes where for each 
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Nxtending the arguments of Noble we prove a very general 


theorem: 


V.2.4 Theorem Let T be closed under continuous mappings. Let 


xr =~ Wl XxX, be such that every 5 °-subspace is a T.,, space where each 


acA R 


X_ is T, . Suppose further that for every se c XxX with 1 < card oS 


S72) II Yo is such that every T-continuous function on I Y_ is 
acA acA * 


continuous on some Y-subspace of i ee 
a 
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Then whenever card A is non-T , X isa TR space. 


Proofs: It is enough to show that every T-continuous function 
- 4 a fe) : 
f : X>R is 2-continuous. For, since every 4 -subspace of X is 


P fo) : " ; 
T f is 2 -continuous. But then this fact together with 2-contin- 


R > 
uity of f£ would imply continuity of f by Theorem 1.1 of Noble [27] 


according to which a function on a product of topological spaces into a 


, ; fo) ; ; ; ; 
regular space which is 2 -continuous and 2-continuous is continuous. 


Let Ys c Xo with « b%s card Mi sie LOonseveryevas. then 
ieee eel i + R is T-continuous. Hence by hypothesis f is continuous 
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on some Z2-subspace Y of I Y, . Then by Theorem 1 of Engelking 
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[11] (by which if X is a product of a family of T, spaces such 


1 
that product of every finite number of them is Lindelof and if Y 
is a Hausdorff space such that the diagonal of Y x Y isa Go-set, 


then a continuous function from a %-subspace of X into Y extends 


to X continuously) EY extends to a continuous function f* from 
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Fix some x € Y and let y be any point in I Yo and 
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define o : 2 +R by the rule o(B) = f£(xBy) - £*(xBy) where xBy 


is a point with co-ordinates ye for aeB and x otherwise. 


Since f and f* coincide on Y , o maps finite (indeed 


countable) sets to zero. 


Also, o is T-continuous. (To see this, let 


ee oe 2 It tis be defined by p(B) = xBy , where xBy has the same 
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meaning as given before. Then p is continuous. Mets apotehotes sis Sissies rl) 
{To see this, let IR, e IY. be a subbasic open set of WY. Then 


R =Y i ° . 
7 4 1or all a except some a, ( TR. stands for ala R. peel Ce) 


There are the following possibilities: 
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holds only if a, Diet 


,» then z = xBy 


Also, the class of all subsets of A containing a certain 


point of A is a subbasic open set of De 3 


(A,) s Here 07 (MR) = the class of all subsets of A 
not containing apy -grotsy if) sae ¢5B eo (B) = xBys= a point 72z° “with 
2 =x ~) Also, tf (2) ois®suehy that. “z =x Che eZ e = exDy 
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holds only if a. ¢ Be. 


Again, the class of all subsets of A not containing a 
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certain point of A is also a subbasic open set of 2 . 
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(B,) Here pCR.) = the class of all subsets con- 
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each of type C* is an SR space if card A is non-sequential. 
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1 Spaces each of type C* 
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Procis ot corollaries s The corollaries will be clear from the following 


theorems of Noble: 


1) Each 2%-subspace of a product of first countable 


spaces is a Fréchet space. (Noble [27] Theorem 2.1). 


2) Each -subspace of a product of spaces of type Cx 


is a sequential space. (Noble [27] Theorem 2.4). 


NES) The following results in connection with products may be 


of interest: 
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is a quasi-k' space for every Fréchet space Y . 


Prooheur. Only if : This is easy to see. In fact, the product 


of a discrete space and a Fréchet space can be easily seen to be Fréchet. 


if :; It is sufficient to prove that if xX is a non- 
discrete Ty Space, then there is a Fréchet space Y _ such that 


X x Y is not a quasi-k' space. We will prove this below. 


Let {x : a ¢ A} be a net converging to x _ such that 
xerazex for any a belonging to A. Let yy = i(a50)seare Aw and 
pple eos Fae oLurther, let. Y= Yy u {z} . The topology on Y 
is as follows; Yy is discrete and the open sets containing z 
contain all but a finite number of elements of each set Do where by 
De we denote thesseto—{ (aon) as ne=81¥ 26635 -.: }efaThen yy is 
astréchetuspace. “For; if yee, Y wand) if (y,) be a net such that 
Moe y > then one can easily get a sequence (y) of points of (y,) 
such that y ety (If y is an element of Yy » one can trivially 
CalLryuthissout.ipliv y = z , ty) sy, we (y, dt n dD, consists of 
infinitely many points at ieee for one : se oay @ on LE Dat 
intersects {y, : ¥, € Cy, I in the set, say { (a',n,) eke =ee lal, ee. } 
then the sequence (a',n,) converges to z (where we have already 
assumed without loss of generality that n, # Ty when kzk'). ) 

On the other hand (x,z) is an accumulation point of C= { Gx, (a,n)) 
Broek and ne= 1, 2503, .ee}.) (Wei arernow in the product space 
X x Y where X is non-discrete qT, Space.) However, as we will see 


below (x,z) is not a closure point of C€n K_ for any countably compact 
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set K. 


Suppose there is a countably compact set K_ such that 
(x52) ds 4 closure point of .C mK . ‘Then PY (K) where PY is 
the projection onto Y is countably compact. And since each countably 
compact subset intersects only finitely many of the sets Us a alte 
follows that Py (C n K) = oy es es Sate Rathaus, P,(C nK) is 
a finite set. But then (x,a) cannot be a closure point of CnkK, 
fora feitlyis, §x must be a closure pointlof PC no K) which cannot 


happen since PCC n K) is finite. The contradiction proves the 


point. 


The Proposition V.3.1 is in fact only a slight improve- 
ment of a theorem of Bagley and Weddington [7] who have proved that 
a T space X is discrete if X x Y isa k' space for every k' 


space. Our proof is only a very small modification of their proof. 


Note the following characterization of quasi-k space; it 


will be needed later: 


V.3.2 Proposition A topological space X is a quasi-k space if and 
only if for each subset A and x eA » there is a closed quasi-k 
subspace C such that xe (An GC) 
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Now suppose that for each subset A and x« A there is 
a closed quasi-k subspace C such that xe (An C) . To prove 
that X is a quasi-k space, let R be a subset of X such that Rn K 
is closed in K for every countably compact subset K of xX. We 


must prove that R is closed. 


Consider a point x of R . Then there is a closed quasi-k 


subspace C such that xe (RNC) . 


Now let K' be a countably compact subset of C. Then 
K' is certainly countably compact in X . Hence Ro» K' is closed in 
K'. In other words, (RC) K‘' is closed in K' for every count- 
ably compact subset K' of C . But then since C is quasi-k subspace 
Digest etter oLlows that. RageGools cilosed,ing. Cs. wrurther, sincer C 
itself is closed in X , Ro”C is closed in X which means that x 


belongs to RAC and hence to R _ which was to be proved. 


We are now in a position to prove the following proposition. 


V.3.3 Proposition If X isa T, kiemspace and #Y, is 3 T) 
quasi-k' space and further if X x Y has a nested neighbourhood base 


at each point, then Xx Y isa Ty quasi-k' space. 
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and if there are neighbourhoods U of x and V of y_ such that 
iccheoty a) Apis and GU 2oi{y.)} 9) Al=%h), then there is a net 

{ (x, sy.) : ae D} in A which converges to (x,y) and, for each 
a, D, there are neighbourhoods R of x and S of y_ such that 
x, dR, ve ¢eS @tor Faix al: Further, this net {(xoy,)} has a 
property that every net consisting of points of the set {x} (respec- 
tively Lye} ) which converges to x (respectively y ) is a subnet 


of the net ix} (respectively ye ) 


Consider asubset A of Xx ¥Y¥. Let (x,y) be a point 


If the neighbourhoods U and V_ as in the result quoted 
above do not exist, then for every neighbourhood U of x (U x {y}) 
intersects A non-trivially or for every neighbourhood V of y 
({x} x V) intersects A non-trivially. Suppose that for every neigh- 
bourhood U of x , (Ux {y}) n A#o.. This means that X x {y} 
is a closed subspace of Xx Y (as X and Y are qT, Jeeandart x.y) 
is a closure point of (X x fy} ) nA. But then since Xx {y} is 
a k' space, there is a compact subset K of Xx {y} such that 
(=.V me belongs) to the closure of) (Xx {y}) n An K in® X x ly} , 
Phat ats mers y eo aCAET) ‘Oye But since K is compact in Xx Y also, 
it follows that the condition in the definition of quasi-k' spaces is 
satisfied for (x,y) in this case. (If we were to suppose that for 
every neighbourhood V of y , ({x} x V) nA# 9% , then the same 
proof would work with ‘compact subset K ' being replaced by ‘countably 


compact subset K ' . This does not affect the argument.) 
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Now suppose that the neighbourhoods U and V_ as in the 
result of Bagley and Weddington quoted above exist. Then there is a 
net ae eect, in A converging to (x,y) and such that for each 
ave D, there are neighbourhoods R of x and S of y _ for which 
x ¢ Rand ue ch By gaye Here a, - Since X isa k' space, there 
is a compact subset K of X such that x ({x,} nk) . Thus 
there is a net {x} in {x} n. K which converges to x. Then by 
the latter part of the result of Bagley and Weddington, {x,} isa 


d 
subnet of the net ix} and hence ty 43 also converges to y , it being 
a subnet of ee . Since Y is a quasi-k' space, there exists a 
countably compact subset C of Y such that ye (ty, ny 
Finally, we obtain a subnet of CR ene! ing (KoxaG) on Ag. hus 


(xey) sebelones:toethe closure of (Kx C)’m A = Since, Kx CG is 


countably compact, it follows that X x Y is a quasi-k’ space. 


One might note at this point that investigation of products 
of topological spaces coherently determined by the class of countable 
Spaces and the class of connected spaces is, as of the date of writing 
this thesis, very much desired. However, it is easy to see that the 


product of even locally connected spaces need not be C by considering 


R ? 
x X 
{0,1} ° , {0,1} being a two-point discrete space. The reason {0,1} ° 


NG 
is not C, is that {0,1} © is totally disconnected but not discrete 


as every totally disconnected C space should be. 
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CHAPTER VI 


MISCELLANEOUS MATTERS AND EXAMPLES 


ViI.1 Before presenting examples, we prove some results concerning 


linearly ordered topological spaces. 


Let (X,<) be a LOTS (= linearly ordered topological 
space) . Throughout this section, for every a belonging to X , 


La. will denote the subset {x « X / x < a. } and .Ra will denote the 


SupseCta 4 Kae Xu) ao <x 


Vied. Proposition —Let. (X5<) bea TR LOTS ;If a,esX; .is.non- 
isolated in La (Ra) , then there exists a T-subset K of xX in 


La (Ra) such that a is an accumulation point of K , it being 


assumed that T is closed hereditary . 


EEOC basen: Suppose that there exists an ae X which is non-isolated 
in La but there is no T-subset C of X contained in La of which 


a is an accumulation point. 


Let f be the characteristic function of La - {a} on 
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X. This function is not continuous at a. However, it is continuous 
on every T-subset of X. For, if C be a 7-subset contained in 

ereher elae=aat of eRa , then ££ is trivially continuous on C . 
Hurtherse1feaCG) be a J-subset of X “such that (La — {a}) nC # ¢ 

and RanC#® , then A= (La - {a} ) nC does not contain any net 
converging to a. (For, if A contains a net converging to a, a 
will be an accumulation point of a T-subset Au {a} which is contained 
in La . This will contradict our assumption that there is no 

T-subset C of X contained in La of which a is an accumulation 
point.) Further, if a net of points of C converges to a point in 

A then it is eventually in A and it then cannot converge to a point 
of Ra. Also, if a net of points of C converges to a point x in 

Ra N C , then it is eventually in RancC. (This is obvious when 
smcrRas- (a) . [feex =p2 « ithernet (x, ) ¢ C converging to a must 

be again eventually in RancC. For, if not, (x, ) will be frequently 
in A which will in turn imply that a is an accumulation point of a 
T-subset AU {a} contained in La and this will then contradict our 
assumption that there is no T-subset C of X contained in La of 
which a is an accumulation point.) Also, such a net certainly 

cannot converge to a point of A. All this consideration shows that 


f is continuous on T-subsets of X. 


We have thus shown that there exists a real-valued function 
on X which is continuous on /-subsets of X though not continuous 
Dimetwee sliis contradicts the fact that, % pisaa Tp Space and proves 


the proposition. 
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Corollary A LOTS ,is, first countable tf and only if.it.is Cp 


Voe.2 We now present examples: 
; R I R ; : 
VI. .2.1 Example The spaces 2 , I ,R constitute easier examples 


ofN Ss spaces which are not sequential. To see that these are §S 


R R 


spaces we use Mazur-Noble theorem (1.3.2) while to see that they are 
not sequential we note that E = { Gx.) 7 x, = 0 or 1 and xe 0 only 
countably often} is a sequentially closed subset which is not closed. 
reac iy, (0.) where oe 0 for every a is a closure point of E 


which does not belong to E. cr® is not even a k_ space.) 


The following example due to E. Michael [23] is more 


instructive: 


VI .2.2 Example Michael has given this example to exhibit a ke 
space which is not k . However, as we will see in fact it serves to 


exhibit an SR space which is not even quasi-k . 


First, we note a definition: Let Bc R- with usual 
topology To say sondeletars cab . slhen aetunction), £3) Bo> R is “called 
separately continuous at x if f/L,B is To 7 continuous at x 

Z 


where L is either the horizontal or the vertical line through x in R 
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In what follows in this example, whenever x « R- a 
and x, will denote the first and the second co-ordinates of x 
respectively. A sequence will be denoted by, say {x(n)} . Thus the 
i'th co-ordinate of x(n) will be denoted by x, (n) 

Let X _ be the plane RE and Ty its usual topology. 
Let Ac X be the x-axis. Let fF be the set of all functions £ : X>+R 
which are Jo continuous on X= A and separately continuous at every 


point of A. Let IT be the coarsest topology making every f « E 


continuous. Clearly, (X,T) is a Tychonoff space with Ty GT We 


~~ 


wil Pyproveithat) (X,1T)* jis “an SR space which is not quasi-k. 


First observe that on every horizontal and every vertical 


line X, T agrees with T 


Let f: X>R be T-sequentially continuous (i.e. 


sequentially continuous with respect to the topology T on X ). Since 


Jo adsl asree One xX oeAS Sit sis clear thats © “is Tp-sequentially 
continuous on X - A which indeed means that f is T)-continuous on 
ti thew lLOusece that £ is T)-separately continuous at every xeA, 


it will surely suffice to show that if L is a horizontal or a vertical 


line in X , then f/L is T,-continuous. But f/L is T,-sequentially 


0 


continuous on L (since f is T-sequentially continuous on X and 


0 


Zo Side eeecoLncideson ai.) 8But then) f/L is T)- continuous fajehe Why a, 


It follows that f «fF and hence £ is T-continuous on X. (X,T) 


is thus an SR space. 


eee = ee) 


. - : eT) P 
fl _ ‘a a i. ; 7 
~ . 


a is Ss wsvansw rere 
‘% Yo (eaguatbye-09. banyse oily boss 

end aud? =. {(o)x} ye ced bstoreb 208 ae 
(myx ydihosonsb od LIN ‘Gx Mod 


x 
Gre 
swa@ologos feuau 23t ,T bas 


sil bit anotjoant Ifs-o ise sit od 1 2 aeee ia Acad bia 


*y onsiq sdrsd X ted 


ex8ve 4% avountinos eines bas A= % po evowatynosnpf 9 
Toh. ytevs sia sacle sa9eis09 aij ed) PD - sed Sa 


= _ a aan 
Lestiiey ¢teve brs Isinostxor yx9v9 no teria saibies setat_” 


; «9+4) avounlsaop yifstiasopse-T s¢ At Et F | fat rs 
gonte .( X -no. ry wgoloqot oft 63 Josqes1 dtiw eudunitaes 5 eps 
eutanoupoe-,° et 1 Jet ispio erst . A ~ %> no: semge Lt 

86 syountsno>- 5T at 2 3883 ecesm bosbak fotdw A~ XK fo : 
«A? % ISVs Js avountinos Yislszaqoe- 1 ak +: isd3 ag ” ke 
inotiaev s. 16 faanos bras set d it ¢ed3-wose of as i 


a 


vbfetansupsa~ ot wt J\3- st -avouaisaoa-9f ab ay oa 
bas X no evountsnos yifetiasupse-T ak 3, soit “1 ono 
a ao Quoumtaneo~)T et t\3 pei 4 “Cd Ratatat. 


mcr) -k BO Rbountsnog-T ay 4s dan a. 
| . ~ 


We now need some lemmas: 


Lemma 1 Let x(n) > x in (X,T) with xe A. Then there exists 


an n_ such that x, (n) = xX_ or x, (n) =x 


AI om 


Proofs: See Michael [23] Lemma 3.3. 


Below, a subset Y c X will be said to be To countably 


compact when it is countably compact in (X,T ) and T countably 


compact when it is countably compact in (X,T) . 


Lemma 2 If CcxX is IT countably compact, then there exists an 
ee es Opandea finite A: icyAmesuch) that, 1fayy<erC and 90) < ly. <e =, 


a 1 
then eel for some xeA 


Brootr 5: Replace 'compact' by ‘countably compact' in the proof of 


Lemma 3.4 of Michael [23] . 


Lemma 3 There exists a B¢< X - A such that 


Bee temees sO ithensaix@e Bamix, o> €)) is «finite 


a 


b) B intersects each vertical line at most once 


andec) ep of ss oceA, each Zo neighbourhood of x intersects 


Froone: See Michael [23] Lemma 3.5. 


oe 


or. iu 


7 oa De an > 
: } - _ = = " - - 
_ 7 : 7 : 7 
: a) . ; 7 A ar oh i 
- ; 7 a a Fie re yy. 


bn -'s a . 


— 


An 
ae Wis = 


“wiatxs ovais neil . Ae x: dtiw aa ae OF te 
rai, ) rapt * Ca) gr oa ai (jt seta ds 


° eo 


> 7 ) _0.6> sme, és] isarioiM 99% a 


ehdesn0s of ad 03 bisa od iftw X%> Y deadge > pecke” od 
vidbyauo> I bane a Nghe ‘mb IosqmoS slisgae ak 22 and 96m 
fi . (TX) at JoRqmos yidstnueo eb tt 9 


m Btekes S163 nedd , 1289m> videstauos Tt ef oad & 


(3 > Igel 0 bone 9 3% GE 38Hy wove A 2 TA atin » tos 0: 


Ka 


‘Asx smparyot ee 


ah tat 
| a 
7 


Bi 


way Z 

il 

» ko ae $3 nt ‘Joeqmo> eldasnvos! yd" ee son gam i to. ag 
. Fes LaariggM to. re bes x 


oe aie’ 
c . 7 7 
) a 


jaii dove A-X> 8 6 atatxe aie ge at 
eviakt at {3 « Lex| ie ax} neue : o <3 =e an 


& 


oone S8om'tn snét Inotiaev fogs Sieatreyat, € @ 


Lemma 4 The set B above is quasi-k closed in (X,T) 
Proole.: This follows from Lemma 2 and a) and b) of Lemma 3 


Now if B were T-closed, X- B would be T-open with 
the result that if y« AcCX-B , there would exist by regularity of 
ie; a tonetehbourhood: UY of ‘iGisuch thatcy «4 Uc UcX-B. Hence 
to contradict our assumption that B is T-closed, we will show that 
df_ye¢«A and if U is a T-open neighbourhood of Y , then U -- the 


I-closure of U in X -- is also a T,-neighbourhood in X of some 


0 
x € A. The contradiction will be then clear in view of property c) 


of the set B 
Hence we prove the following Lemma. 


Hemmaeleeeliatyee AS and sifyel Gis a T-opengnei ghbourhvodiofs y -in 


X , then U -- the T-closure of U in X -- is a T.-neighbourhood in 


0 


Xeor somes x « A . 


(This result appears in Michael [23] slightly differently.) 


PEOOrA Ss Recall first that Zo agrees with i on each horizontal 
and each vertical line L so UNL is To" open toe nde uen. Lu 


is ZTo7closed tjay! — >G% 


fet Vas WS © R :te(s,0) <cUdand “hen wVielisjopengin R 


andLaive = oa since “y.€) Ve. 
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Now for each n_  4Iet 


ng {s « R | (s,t) « U whenever |[t| < 1/n} 


Then Ul! EB =V. 
nh 
n=1 


(To see this, first suppose s « EA . Then consider (s,0) . From the 
definition of EO » it follows that (s,0) «€ U and hence by the 


detintcion-of .V>,, .s.e.V <.’ “Thus U EO enV... On the fothervnand, 1£ 


=] 
s belongs to V , then (s,0) e U. Since U is T-openin X , 
Un L is openin L where L is the vertical through (s,0) . Hence 
there exists an m such that {s} x (-l/m,1/m) ¢ Un L. This means 


that se En . It follows that Vc UE i) 


Since V is openin R , the Baire Category Theorem 
implies that there is an m_ such that ET has an interior point S 
TieeRi ee Leta ex a= (s 5») and let W= En x (-1/m,1/m) where Es 
may be thought of as T-closure of En Invik. .pelheie W iisga Tou 
neighbourhood of x in X , and to complete the proof we will show 


that WcU. 


oc eel / pee Looe t leer Ue, eeLerm Lo=| Re 1 ty 


Since: @Ur nh Ly gis I)-closed Ln le. endssince gl is T)-closed, Gin 


is T)7closed iia Sg 


Now since En x {t} ¢ Un L, one has Ea eee onal 


a lead 


( denotes closure with respect to To ) which implies that 


Ex {th AUS Inee (acy UMieLiedis a T)-closed set) which in turn 


implies that E tiee tien L. But since To Col ss En c En othe 
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follows that ge Ga al ah er a 


nsec tcl /moe E, tle ine leen eltatollows 


that W = on x (-l/m,1/m) c iy 


We have thus exhibited a quasi-k-closed subset in (X,T) 
which is not closed. We have hence proved that (X,T) is not a 


quasi-k space. 


VI .2.3 Example This is an example of an S space (and hence a 


R 


CR space) which is not a c_ space. 


x 
Consider ne ie This is an SR space by Mazur-Noble 


* 
Theorem (1.3.2) . But & which is a closed subspace of ee (a) is 


not cp (since the characteristic function of {tw} on 2 is not 
continuous though continuous on every countable subset of ©). Since 
every subspace of a c space is a c space (Schedler [28] ) , it 
po* (2) 


follows that is not a c_ space. 


VI. .2.4 Example This is an example of a c space which is not S 


Consider the following space of R . Arens [2]: Let 
X be the set of all pairs of non-negative integers with the topology 
described as follows: For each point (m,n) other than (0,0) the 


set {(m,n)} is open. A set U is a neighbourhood of (0,0) iff 


for all except a finite number of integers m the set {n: (m,n) ¢ U} 


is finite. Since every countable space is a c_ space, ate 


follows that x is a c space. However, since the charac- 
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teristic function of {(0,0)} is sequentially continuous but not 
continuous eit .follows. that, X dsenot an SR space. Indeed, (0,0) 
is a non-isolated point of X to which no non-trivial sequence converges. 


(In fact, any countable space which is non-S, is an example of the 


point.) 


VI. .2.5 Example This is an example of a compact space which is not 
Sp : 


Consider the space of the ordinals < the first 


Ws > 
uncountable ordinal. This is a compact space which is non-S, Since 


the characteristic function of {w, his sequentially continuous but not 


continuous. 


VI .2.6 Example The following is a countable sequential space which 
is not quasi-k' . This example which is in reality a modification of 
the above quoted example of Arens is taken from Franklin [13] (his 


|p ey eto pene ep 


Let M= (Nx N) uN vU {0} with each (m,n) ¢ Nx N an 
isolated point, where N denotes the set of natural numbers. For a 
basis of neighbourhoods at De N , take all sets of the form 
{n} U { (m,n) | m= m3 . U will be a neighbourhood of O iff 


O¢« U and U is a neighbourhood of all but finitely many neN 


Franklin has shown that M is sequential. We will verify 


that M is not quasi-k'. 
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Before proceeding further we observe that compact subsets 
of M are precisely countably compact subsets of M. Also, for the 


sake of convenience we will denote Nx N by A. 


Here 0 c¢« A. We will show that there exists no compact 


subset” K ~of V@M@sich that *0'eal(K 4 Ne 4 


If a compact subset K of M be such that KnA is 
finite, then obviously 0¢ (Kn A) . Ifa compact subset K of M 
contains only a finite number of points on every horizontal line in A , 
then one can find a neighbourhood of 0O which excludes all the points 
of Kn A which would imply that 0¢ (Kn A) . Even if a compact 
subset K contains an infinite number of points on only a finite number 
of horizontal lines in A , there would exist a neighbourhood of 0 
which would exclude all the points of KnA whence 0 ¢ (Kn Ade .. 
Hence if there is a compact subset K of M such that Oe (Kn Aa 
then K must contain infinite number of points on infinite number of 
horizontal lines in A , say y = 2s (taaiy.eve, 3, . fei) 46 But 
then if (£7 ,n,) is the first point on the line y = 2, which belongs 
to K , then consider the open covering b(elent) ie, Space U 


{M- U (£",n,)} . This is an open covering of K from which no 
j=l 


finite subcovering can be obtained whence the compactness of K is 


contradicted. It follows that M is not quasi-k' 


VI .2.7 Example This is an example of a countably compact Tychonoff 


space which is not even k : 
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By 3.1.5 of Frolik [14] there exists a countably compac 
space P such that N$P S$ B(N) with card. P < 2%o » where N is 
the discrete space of integers. Since every infinite closed subset of 


2x 
B(N) has potency 2° ° , the space P contains no infinite compact set. 


Choose a non-isolated point of the space P and call it 


x . Consider the characteristic function of the point x defined on 
the space P . This function is continuous on every compact subset of 
P but not continuous on P . This shows that P is not a kp space. 


In fact, Michael [22] has pointed out (see his Ex. 10.6) 


that P is not a k_ space. 


The following examples show that there is no relation 
between the connected coherence topologies and the other coherence 


topologies mentioned in the implication diagram on page 7. 


VI..2.8 Example Consider the Cantor ternary set (C . This is a 
totally disconnected compact (metric) subspace of the real line. 
However, since it is non-discrete it cannot be a Ce space, as a 


totally disconnected space which is CR must be discrete. 


VI .2.9 Example Let X be the real line, T, the usual topology 
on X and T, the topology of countable complements on X . Let 
T be the smallest topology generated by qT, U T, . (X,T) is connected 


but not even a quasi-k, Space, since whatever be a non-isolated point 


x in (X,7) , one cannot find a countably compact subset K of 


Te 
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(X,i)) of which #x is an accumu lation point with the result that the 
characteristic function of {x} is continuous on every countably 
compact subspace of (X,/) but not continuous on (X,7) . (Note 
that a subset of (X,7T) is countably compact iff it is finite.) 

This is example 63 in 'Counter-examples in Topology' of L.A. Steen 


and J.A. Seebach, Jr. 
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